There are many problems of relativistic quantum mechanics which cannot be treated by working with a positive definite metric in the vector space of the fully quantized system. In this paper it is shown that, independently of the signs of energy and charge in the c number theory, any relativistic wave equation can be quantized and interpreted in terms of positive energies by use of an indefinite metric of suitable signature. A powerful method of obtaining positive definite transition probabilities from an indefinite metric is introduced and the concept of 'negative probability' is entirely avoided. The transition probabilities are defined as the squared matrix elements of a unitary matrix T, which is obtained from the solution of the Schrodinger equation by means of a special transformation. These techniques make it possible to treat relativistic wave equations which describe particles with several mass and spin states and to give a satisfactory account of the transition between two such mass states, a problem which is otherwise quite intractable.
In recent work on relativistic quantum mechanics (Dirac 1942 (Dirac , 1943 Pauli 1943 ) it has been found convenient to introduce a metric of indefinite sign in the vector space of the fully quantized system. When one applies such a formalism to problems in which states of both signs of the metric play an important part, the physical interpretation becomes rather awkward, and it has to be assumed that, in this domain, the only possible measurement is th at of transition probabilities; this measurement requires only 'asymptotic' observation of the system. Following Heisenberg (1943) , these transition probabilities will be described in terms of a ' scattering matrix ' but the connexion with a* Hamiltonian is not abandoned. Quite apart from this essential limitation on the physical interpretation, one meets the further difficulty th a t the quantities which, by analogy with ordinary quantum mechanics in a positive definite metric, one would like to interpret as transition probabilities are not all positive and are therefore not capable of immediate interpretation. The main contribution of this paper to the theory of quantum mechanics in an indefinite metric is to show th at the transition probabilities can always be defined as the absolute squares of the matrix elements of a unitary matrix T, which is obtained from the solution of the Schrodinger equation by means of a special transformation defined in § 7. All requirements of the theory of probability are therefore satisfied and one needs to have no dealings whatever with 'negative probabilities'. The special transforma tion can be regarded as a generalized subtraction method but it is important to notice th at it is not a perturbation method.
I t is necessary to use an indefinite metric whenever one wishes to handle a rela tivistic wave equation involving spin greater than one. For it is well known that, if the metric is restricted to be positive definite, the quantization and interpretation of a relativistic particle theory is possible only when, in the c nunjber theory, either [ 251 ] the charge or the energy is positive definite. Recently Wild (1947) has shown th at, apart from equations involving subsidiary conditions which cannot be quantized, the only wave equations meeting this requirement are those of spin 0, 1. Therefore the only possibility of progress beyond these equations lies in the development of a method of quantization and physical interpretation which does not require positive definite energy or charge. This problem is treated by working in an indefinite metric, the signature of which is defined in § 4, and by relating the physical interpretation to the T transformation. In the case of half-odd integral spins the problem of Fermi-Dirac quantization has already been solved (Bhabha 1947; Le Couteur 1948 , referred to as A and B) but these papers do not settle the general question of the physical interpretation in an indefinite metric. In § § 2 and 3, which are introductory, a short account is given of the quantization and of the formulae which are used in § 4 to show how the signature of the metric in the Hilbert space is related to the signs of energy and charge in the c number theory. To establish the physical interpretation it is necessary to consider the inter action of the particles with another known field, for in the absence of interaction there are of course no problems to be answered. I t is assumed th a t the particles are charged and so the interaction with the Maxwell field has been discussed, bu t the method is general and could equally well be applied to other interactions and to neutral particles. The Maxwell field is, however, of special interest because it involves peculiar supplementary conditions and it has to be verified th a t the present trans formation procedure is consistent with these as well as with the equations of motion. As the method of expansion in series of eigenfunctions is itself modified by the interaction terms it has been thought desirable to carry through the whole theory in the presence of interaction. This procedure has the additional advantage of showing clearly th a t the T matrix subtraction formalism which is introduced is not necessarily a perturbation method.
The theory is presented in a form which applies equally to integral d£nd half-odd integral spins and discussion of the relationship between spin and statistics is deferred till § 13. I t is concluded that, apart from the cases of spin 0, 1 in which special simplifications exist, there is no necessary connexion between the spin and the statistics.
In § § 11 and 12 the formalism is applied to wave equations describing particles which can appear in various mass and spin states and the problem of the transition between two different mass states is studied in detail.
C NUMBER THEORY
Use is made of relativistic notation with (xQ , xx, xz, x3) = (x0, x) = as time and space co-ordinates and the metric tensor is taken in the form g00 = -g 11 = -g** -g 33 = 1. Suffixes ft, v, c r run from 0 to 3, suffixes k, l from 1 to 3 and the three-dime scalar product is sometimes written as Xx = Now consider a field of material particles which, in interaction with the electro magnetic field, is represented by the Lagrangian
(1) Here = id^+ eA^ and A p satisfying d^A^ = 0, is the four potential of the Ma field. % is a constant. The four matrices a** define the structure and properties of the particle; since they are, in general, not Hermitian the matrix D, satisfying DatA = (a^Y D and D = D +, must be introduced to make the Lagrangian real. D exists if, as we assume, the matrices are equivalent to their Hermitian con jugates (a<")+.
The invariance of L P under the infinitesimal Lorentz transformation
requires th at the spin matrices obey the commutation rules
In particular (a0, 7W ) = < xt which implies
I t is convenient to choose the representation so th at D commutes with a 0, 723, 731,7 12 and anticommutes with and 7W ; in the electron and meson theories and in Bhabha's generalization D is actually a function of a 0.
To L P we add the Lagrangian L R of the radiation field,
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where Ft"
By variation of the total Lagrangian (Weiss 1938; Pauli 1941; Bhabha 1945) we obtain the field equations
and (7) where
is the charge current vector of the particles. The energy-momentum tensor is
where
= --F^A^-g^L p .
We must now discuss the procedure to be followed if the matrices a" are singular. Quite generally we suppose th at they are of rank N and order M^N . Since D and a 0 commute and are Hermitian we may choose a representation in which they are both diagonal, the first N diagonal elements of a 0 being non-zero. In such a repre sentation (M -N ) of the equations (6) do not involve time differentiations but are
The suffixes s, t which run from 1 to Ma re introduced components of the wave function rjf(x) and of the matrices a^. By use of (4), equations (11) may be written as
At each instant of time these equations may be regarded as explicit definitions of the components < j)8(x), rjra(x) for s > N in terms of the with s^N . Suppose that, in the case M > N , the characteristic equation of < x0 is a0/(a 0) = 0, where /(0) = 1. This equation can be used to put (13 a, 6) into a form independent of the representation of a 0. We note the equations
The momentum eigenstates of a free particle satisfy the equation
and are given by
and the ambiguity of sign is resolved by giving^' and k0 the same sign. By Lorentz transformation we may pass to the frame of reference in which the particle is a t rest
The various orthogonal eigenvectors corresponding to each n o n -v anishing eigenvalue^' of a 0 are distinguished by the parameter r which may be used to specify the spin state of the particle in its proper frame of reference. N combinations of the parameters r and j are required. (4) shows th a t 0 f(r, j, 0) Dotl<fi(r', j, 0) = 0 and so, as in B, we may normalize the <f>{r, j, k) to
where D {r,j) = ± 1 is the eigenvalue of D associated with the eigenvector <p(r, j, 0) of a 0 and D. (18) gives
There are N linearly independent vectors , j ' , k) and so we obtain
I f Z)a0 is non-singular a factor D a0 may be removed from this equation.
Quantization
The HP and HR are actually equal to the volume integrals of Tpt and T R . In (21) we have replaced the wave function ir{x) and its conjugate i/r*(x) by adjoint operators T(a;) and X ¥*(x) which obey the commutation rules, valid for x0 = x'0 only,
In the case M > N these rules are valid only in the representation in which a 0 is diagonal and for s , t^N . However, they may in all cases be written in a form in dependent of the representation of a 0 as
The commutation rules for the potentials which of course commute with the and lF*, are
Equations (23) and (24) are valid for x0 -x'0 only. In this formalism we have to replace the equation d^A 0 by a supplementary
which is a restriction, consistent with the equations of motion, on the vector repre senting the state of the fully quantized system. The equations of the material field do not give rise to any such conditions because equations (12) and (13), which hold also for the operators 'F(x), 0(«), enable us to work entirely with the N indepen dent components of T*(a;) or 0(»). Suppose that, at time x0, we have a field T*(a;0,x) which satisfi ated field <D(«) which must satisfy (146) can be expressed, a t time x0, as a super position of momentum eigenstates (16) and then (146) is automatically satisfied. T(ic0,x) cannot be so expanded.
D (r,j) = ± 1 and has been defined in (18). The dynamical variables U, U* obey the commutation rules
from which we may derive (23) by use of (19) and (12). In these variables the Hamiltonian HP becomes, by (12), (15a) and (156),
The total charge is Q = e j 'F*Da°Y = e J<D*Da°0 dzx
The total momentum of the particles is, by (9),
We treat the radiation field similarly. At each instant of time and A are regarded as independent dynamical variables (Dirac 1947) , and may be expressed as Fourier expansionŝ
The commutation rule (24) becomes (^Or0,X),^*(z0A))-= -fly | x I *(X-X').
(32)
In these variables we obtain from (22) as~-\ Jd"A{^;(X) 4*(X) + A /X ) 4*'(X)}.
(33)
The momentum of the radiation field may be derived from (10) as
At this stage it is convenient to enclose the whole system in a box of volume ft. We have now a discrete set of momentum eigenstates a ,b ,c , ... of the Y field, these are specified as before by the parameters r k(a). At the s the trivial contact transformation from the dynamical variables U, A M to dynamical variables V, B p which in the absence of interaction between the two fields are constants of the motion.
where k0(a) is defined by (17). We introduce the notation sgnj = | and define
The commutation rule (27) is now
Similarly with A0 = j X | we define B J x 0, X) by
and then ( B x0 , X), B*(x0, X'))_ = -fly (40) The Hamiltonian of the combined system is now just Hint defined by (28). The supplementary condition (25) is equivalent to
We define the quantum numbers of the Maxwell field as
Then, if the suffix e denotes a transverse polarization, the expressions (33) and (34) for the total energy and momentum of the Maxwell field become (®B,Gfc) = Sn,(X)( A°,A>).
The summation is confined to the transverse polarizations because, for any state satisfying (41), the contributions of the two longitudinal polarizations cancel. As usual we choose the representation so th at the eigenvalues of each w^X) consist of the set of all positive integers, including 0.
The signature of the metric
I t is now necessary to distinguish between Bose and Fermi-Dirac statistics.
(a) Bose statistics
According to (28) and (38) we have
We define the quantum numbers of the material field as
As eigenvalues of each na we wish to have the set of all positive integers and zero.
In the case Da = -1 we must (Pauli 1943) quantize the Va, F* with an i metric and we proceed to determine the metric operator 7j in terms of the dynamical variables na and the parameters Da. We may take as basic states the simultaneous eigenstates (n'a, nb .. 
.; n'/t(X)... | of the commuting observables na, nb
and f o r < 0 (45) shows th a t in (46) we must interchange!^ and F*. The scalar product of two states ( p| and | q) is defined as
) does not depend on the quantum numbers of the Maxwell field and for B^X), B*(X) we have the well-known matrix elements
In Pauli's formalism, the adjoint P* of an operator P is related to the Hermitian conjugate P f by P* == rj-xP*ri.
By substitution of the matrix elements (46) into (45) we obtain, after use of (49),
(50) and with
Omitting the zero point contribution of one quantum for each eigenstate with sgnjj = -1, we obtain for the total energy, momentum and charge 
and nr = The total energy, momentum and charge given by (28) to (30) become
The Schrodinger equation
We now pass to the Schrodinger picture in which, dropping the suffix 'int.', we have a wave equation i j -I *•) = B I *o)> (59) |0 = S |0 ). with.the formal solution (60) where the linear operator S = 8(t) is a function of the Hamiltonian given by
In the case of a positive definite metric represents the observer's time co ordinate and the squared amplitudes of the components of | a?0) have a formal interpretation as probabilities, a t time x0, for the various possible states of the physical system. I t is not strictly necessary to assume so many points of contact between the mathematical formalism and the physical world; indeed the discussion by Heisenberg (1943) and Moller (1947) shows th a t actual observations of physical systems involve only: (i) the asymptotic behaviour a t 00 in the observer's space-time system of the wave functions in collision, emission and absorption processes; this is conveniently described by means of a unitary 'scattering m atrix', (ii) the discrete energy levels of closed stationary states of the system. I t is im portant to notice th a t the observable quantities (i) and (ii) do not depend in any essential way on the time co-ordinate x0.
In the case of an indefinite metric the number of points of contact between the mathematical formalism and the physical world is necessarily more limited but we shall see th at it remains possible to calculate the quantities (i) and (ii) required by Heisenberg and Moller. However, there is no immediate interpretation of the squared amplitudes of the components of | a;0) and even x0 itself can no longer consistently be interpreted as the observer's time co-ordinate but must be regarded as a related mathematical variable. A t the end of §8 we shall make a suggestion as to the significance of x0.
The whole theory has been developed without approximation by variation of a Lagrangian and we have therefore rigorous conservation of E, G, Q. However, for the further development of the theory conservation of E0 is required. Now in the calculation of the transition processes (i) it is the limiting form, supposed existent, of (60) when 0 and t correspond to x0 = -00 and = problems either | 0) or 11) or both must belong to the continuous spectrum and then we assume th a t the expansion of | 0) and 11) in terms of free particle eigenstates can be carried through in such a way th a t we have conservation of E0 as well as con servation of E.
We have also the subsidiary conditions (26) or (41) which are known to be con sistent with the equations of motion and therefore must commute with 8.
In place of the notation (n'a,n ' b ...; w^(X)... | of §4 it will, in the following, be sufficient to label the basic states as i , j. ..» etc. Simi ponent (i | p )of a vector | p). In this ordinary matrix notation the invariant ' sq length' of | p) is, according to (47), 6. T h e S -t r a n s f o r m a t io n i i
I t is not possible to specify in an invariant way the order in which the terms of (61) are to be taken. We therefore admit only vectors p for which the infinite series (61) is absolutely convergent and therefore independent of the ordering. The absolute convergence of the scalar product (62) is a further consequence of this assumption.
t) = 8 | 0) conserves the normalization (61), provided th a t 1r '& n S = 1 or S* 8 = 1.
i
This implies
HViVj | 8ti |2 = 1 so that, if we suppose th a t | 0) and 11) represent the initial and final physical conditions of the system, then the formal analogy with the case of a positive definite metric suggests th a t we should interpret \ |2 as the probability of a transition from state i to states". This 'transition probability' is negative if r\i and are of different sign, however the sum is correctly normalized to 1. A possible method of procedure (Dirac 1943) is to assume th a t these 'transition probabilities' are not individually observable and to combine them in such a way as to obtain positive quantities. In Dirac's papers this assumption is required by the existence of redundant variables; it was made in B because it is physically reasonable to suppose th a t at extreme relativistic energies the various mass states are not experimentally distinguishable.
This procedure is inadequate if all the transition probabilities are regarded as individually observable and it becomes necessary to find a method of connecting | 0) and 11) through a unitary matrix T. The absolute squares of the matrix elements of T may then be interpreted as physically observable transition probabilities.
T h e T -t r a n s f o r m a t io n
Take a block representation which separates the positive and negative eigen values Of 7j
The 'squared length' (61) becomes
and the assumption of absolute convergence implies th at and yfy are separately convergent.
We write the transformation (60) as
and, since S conserves the normalization
v * v+y fy -x*x + w*w.
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Hence Therefore, associated with the transformation 8, we have a unitary transforma tion T
w -C H -( ' , ) -< ) ■
which leaves invariant the positive definite 'squared length* (68). Now from (64) and (66), it follows th at therefore, by (69),
T = {l + S -r ) { l -S ) } { \ + 8 + r i{ l-8 ) } -\
Provided th at det (1 + $)=|=0, we have
Independently of the particular representation (64) of rj, equations (70) 
(74) implies th a t (H0,ijK)_ = {H0,r/)_K.
Therefore if the 8 transformation conserves the expectation value of an observable H0 which commutes with rj, then the associated T transformation also conserves H0. 
we infer vfAv+yfBy = x'A x+ w 'B w .
I t is obvious th a t in problems in which states of both signs of the metric play an im portant part the T transformation can only be used to connect an initial and a final state and not to provide a continuous description of the evolution of the system. There is no Schrodinger equation in the T-picture, we are limited to the calculation of the asymptotic values of wave functions. However, this is just the position th a t arises, quite apart from any considerations of indefinite metrics, in the theory of 'observable quantities' developed by Heisenberg and Moller (1947) . Our theory of course differs from th a t of these authors in th a t we have a formal method of calculating T from the Hamiltonian.
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P h y s i c a l i n t e r p r e t a t i o n
We saw th a t the 8 transformation conserves the operators Q, G, E0. I t is obvious from the definition in § 4 of these operators th a t they commute with i] and are there fore conserved in the T transformation. Similarly the subsidiary conditions (25) or (41) which commute with 8 and with rj must also commute wi with a positive definite metric the physical interpretation may be based on the assumption th a t the 8 transformation represents an observable transfer of energy momentum and charge from one state of the unperturbed system to another such state. In the case of the indefinite metric, the T transformation is introduced to represent the same transfer, subject to equivalent conservation laws, but in a form suitable for physical interpretation in terms of positive definite transition prob abilities | Tti |2. The relationship of (76) to (75) and of (68) to (67) shows th a t we have here a subtraction method rather analogous to the 'hole' theory of positrons.
In the first-order approximation to 8 and T one takes
and in this approximation the transition probability \Ttj |2 may be replaced by 18fj |2. I t is not so in the higher approximations. The dependence of the matrix elements of F, V*, B, B* and so of H on the quan tum numbers n is defined by (48) and (50) and leads, in the approximation (77), to Einstein's laws of radiation, which in this use of the indefinite metric need not be introduced as additional assumptions.
We have defined our basic states | ria ...) in a Lorentz inva | 0) and 1t) refer in the 8 picture to x0 = -00 and x0 = + 00, all of 8 behave under Lorentz transformation as scalars. The definition of is invariant and therefore the matrix elements of T are also scalars. The description of transition probabilities in terms of the T m atrix is therefore a relativistic one.
We have now shown th a t our T satisfies all the mathematical requirements for a scattering matrix and we may therefore establish the physical interpretation of our formalism by asserting th at T is the observable scattering matrix of the quantized system. (69) then shows th at the squared amplitudes of the components of the wave functions may be interpreted as observable probabilities for the various states of the physical system in the observers distant past and distant future.
In going from the 8 to the T picture we have had to mix up the wave functions 0 = i°) a n d 0 = 11). I t is necessary to assume th a t these do not directly describe states in the observers distant past and distant future but rather refer to the starting VoL 196* A. 18 and finishing points of the formal mathematical calculation of the matrix We see th a t x0 can no longer be interpreted as the observer's time co-ordinate tempting to speculate th at our | x0) is the wave function th a t would arise by passing from a ' many-time5 picture (Chang 1947) to a Schrodinger picture with a single time co-ordinate by putting tr = tf or some as there is no satisfactory formulation of the ' many-time ' picture for interacting particles this must remain a conjecture.f
The necessity for distinguishing between ' initial ' and * final ' data and the observer's past and future does not arise in the steady state treatm ent of scattering problems. We shall show that, in such problems, one obtains a unitary scattering matrix by modifying the definition of ingoing and outgoing waves.
T h e o r y o f s c a t t e r in g
We now show th a t a suitable formulation of the well-known (Pauli 1947; Wentzel 1947) stationary state theofy of scattering leads to 8 and T matrices related to each other by equations like (71) and (72).
We combine a complete set of solutions of the Schrodinger equation
to form a ipatrix O such th a t the result of multiplying < 3> into any eigenvector of the Hamiltonian H 0 of the system without interaction, is an eigenvector of the total Hamiltonian H 0 + H with the same eigenvalue E 0 . O is not fully determined as it can always be replaced by OA, where A is any m atrix which commutes with H 0 . In the momentum representation O satisfies the equation
We solve (79) 
We are interested in the coefficients 1 ± ini. of £+ and 8_ when the state k has the same energy as the state 0; because of the indeterminacy of O only their ratio is significant. The coefficient of the ' outgoing wave ' is obtained from th a t of the ' incoming wave ' by multiplication with a scattering matrix and (84) shows th a t S*S 1 + in i SS* = 1.
Now we are working in the momentum representation in which is a diagonal matrix. Therefore we may introduce the operators and then we break up O as
When Ek -E0 the ratio of the coefficients 1 ± wnqf of ^ and £1 is given by
and (84) shows th at T is a unitary matrix. The relationship of (88) and (92) is just th at of (71) and (72). We suppose th at the squared elements of T give the observable probabilities for the deflexion of incident particles from one momentum state to another in the course of the scattering process.
This procedure is actually equivalent to th a t of § 7 because, in problems to which both methods are applicable, the S matrix (88) is identical with the matrix S of (60).
Ca l c u l a t io n o f T f r o m S
Except in the first approximation (71) and (72) are not very convenient for the actual calculation of T from 8. If in the block representation (64) we have 
In the particular case of 2 x 2 matrices these results take the simple form
Let us see what corresponds to an 'almost certain' transition between two states of weights 1J = + 1 and tj = -1. Because of the norm system cannot pass from being wholly in a state in which 1 to being wholly in a state with 7) --1. However, in the T picture the corresponding transition is not forbidden and (97) shows th a t the appropriate 8 and T matrices can be represented where e is small.
S o m e a p p l i c a t i o n s
In recent years various systems of Lorentz invariant linear wave equations have been proposed by different authors and a common feature of them all is th at, as shown in A, for spin > 1 the formalism necessarily describes particles with more than one value of the rest mass. Blochinzev's discussion (1947) even allows a continuum of mass values. Interaction terms of the conventional type lead to transitions between the various mass states, so th a t attem pts to restrict the particles to a single mass eigenvalue by the addition of subsidiary conditions lead to great difficulties. As stable particles of spin > 1 are not known in nature it may be doubted whether such restrictions are required. On the other hand, there is a wealth of experimental evidence for the existence of particles of various masses. In particular the recent experiments of Lattes, Occhialini & Powell (1947) a t Bristol demonstrate the dis integration of heavy mesons into light mesons, the mass ratio being consistent with a theory of the type given by Bhabha in A. While it is not claimed th a t the Bristol experiments can be explained in terms of such formal theories, it is nevertheless desirable to study the transitions between the different mass states allowed by the wave equations.
Wild's paper implies quite generally th a t wave equations which give more than one mass value, cannot be quantized with a positive definite metric. I t is a feature of all the simpler theories th a t if the mass eigenvalues x lj are arranged in ascending order, the corresponding factors D(r, j) alternate in sign. Now the signature of the ri metric is derived from D by (51) or (55) and we see that, in such theories, the tra n sition of a particle from a state of excited mass to the state of next lower mass is a transition between states of tj = + 1 and --1. The example (94) T formalism can be used to describe such transitions which are otherwise quite unintelligible.
The method of quantization and physical interpretation developed in this paper m ight also be used to avoid the negative energies which appear in the generalized electrodynamics of Podolsky & Schwed (194$) .
T r a n s i t i o n s b e t w e e n m a s s s t a t e s (a) The two-level problem
Consider a transition of a particle between neighbouring mass states by emission of a quantum of radiation. We have conservation of G, Q and it is obvious from (52) or (58) 
Ea -E bÃo.
(1 0 0 ) I t is convenient to choose the frame of reference so th at k(a) = 0. Only one initial state (a, 0) is involved, but because of the degeneracy of the radiation field there are many final states (6, A) satisfying (99) and (100).
In the case of a positive definite metric the problem has been solved by Weisskopf & Wigner (see Heitler 1944, § 12) and their solution applies to our problem if 7ja and 7)b have the same sign. We are interested here in the case in which r\a and rjb are of different sign so th at VaVb = -1.
I t is sufficient to consider only those rows and columns in which S and T differ from the unit matrix so that, in the block representation (93) the labelling of the The indefinite metric in relativistic quantum mechanics and so the leading submatrix of S reduces to a single number.. The transformation (96) then shows th at if the leading diagonal element of T is e-*?* th at of S is e*^. As usual y 1 is to be interpreted as the lifetime of the material system. The calculation of y follows th a t given in Heitler's book (1944) . We obtain
so that, substituting from (103) to (101), we obtain -* 7 -M s S | (». 0 1H 16, A) |» j .
Since 'ija/ ijb --1, this is the same as Heitler's equation (8) except th a t on the righthand side the sign of y is reversed. This does not affect the summation over the oscillators A so th at we obtain Heitler's equation (11) y -2 n p j \ ( a , 0 \ H Thus we see th a t in our formalism the calculation of the lifetime from the Hamil tonian is the same whether or not we are working in an indefinite metric. This problem involves only one particle so th a t equations (101) are the same as the equations of the c number theory. In th a t theory we should therefore have the solutions (102) and (103), which imply th a t for large t the a degree of freedom con tains positive energy and charge proportional to e*?1 and th a t this is compensated by the appearance of negative energy and charge in the b degree of freedom and by the emission of radiation. Such results are obviously unsuitable for direct physical interpretation.
(6) Application to Bhabha's theory As an example consider the theory classified by Bhabha as (f, |) . In this case if the mass in the ground state is M th a t in the excited state is 3
The conservation laws (99) and (100) show that, in the frame of reference of zero total momentum, the energy of the emitted quantum is k = £ state a is < j> a e-<(fcE) the matrix element for the transition is where ctl is the component of a in the direction of polarization of the photon. The im portant factor is th a t enclosed in curly brackets; the other has been evaluated but, for the purpose of this paper, it is sufficient to remark th a t it is of order unity. I f for M we insert the mass of a proton and put e2jfic = tst we find th a t the lifetime y-1 of the excited state is approximately 10-22sec. This is much too short to allow direct observation of the excited state though the emitted photon might be observable.
D i s c u s s i o n
We have shown th a t our theory can always be quantized in a consistent way which deals only with positive numbers of particles. In the case of Bose statistics all particles have positive energy but either sign of the charge; in the case of Fermi statistics we have formally positive definite charge and indefinite energy but, by the familiar hole interpretation, a description in terms of particles of positive energy is possible. Consistently with all conservation laws, we have described transition probabilities in terms of a unitary matrix T so th a t all requirements of the theory of probability are satisfied. In the relativistic region this is all th a t can be asked of any theory. On the other hand, in the non-relativistic limit we are required to give an account of closed stationary states. I t must be assumed, as a restriction on the a matrices, th a t in the non-relativistic limit only states with = + 1 are excited and then the ordinary methods of the positive definite metric are available; in fact the S and T matrices become identical. In the non-relativistic limit we are concerned only with the states of lowest rest mass, and so. we require that, in the c number theory, all such states have the same sign of the energy and of the charge. This is equivalent to the condition that, if ji s the greatest p D(r, j) -1 for all r and this requirement is easily satisfied. Our discussion has not distinguished between integral and half odd integral spins. The cases of spin 0,1 and of spin \ are special in th at they have respectively = 1, s = ± 1 (for j = 1 = 0) and s -1, D = ±1 and it is well known th at quant positive definite metric is possible if we choose Bose statistics for spins 0,1 and Fermi statistics for spin £. B ut in all generalized wave equations both s and D are of in definite sign and no such special considerations exist. Quantization of such equations is possible only by overcoming the difficulties (Pauli 1940 ) which arise when we try to quantize half odd spins with Bose statistics or integral spins with Fermi statistics. This we have done and so, in general, our formalism implies no connexion between spin and statistics.
Our procedure enables us to answer all questions which, according to the point of view of Heisenberg & Moller, are of any physical significance. By avoiding the requirement th at in the c number theory either the charge or the energy must be positive definite, it removes a very severe restriction on the possible relativistic wave equations and, for example, makes possible the description of particles which can exist in several different mass and spin states. On the other hand, in the sort of description of Nature which we envisage, there is another important requirement, namely th at all states must be specified by dynamical variables of real physical significance. For example we may describe the state of a particle by its charge, momentum and mass and by its spin in the frame of reference in which it is at rest. This description is unambiguous only if no spin representation occurs more than once with each mass value. We require therefore th at none of the irreducible repre sentations of the three-dimensional rotation group which can be obtained by reduc tion of the spin matrices 723,731, 712, introduced in (2), occurs more than once with each eigenvalue of a 0. This is quite a severe restriction, for example in Bhabha's theory in which the possible wave equations are classified as m) it requires = 0 or m = | or m -n (see the appendix).
We saw in § 8 th at the wave function | 0) which forms the initial data for the solution of the Schrodinger equation (59) refers to physical conditions partly in the observer's past and partly in his future. We have here a situation rather similar to th at arising in Dirac's (1938) classical theory of the electron in which ' we must obtain solutions of the equations of motion for which the initial position and velocity of the electron are prescribed, together with its final acceleration, instead of solutions with all the initial conditions prescribed'. This similarity is probably not a coinci dence. For suppose th at we have a wave equation for a particle which can interact with another field and th a t we eliminate the effects of the field created by the particle in terms of the dynamical variables describing the particle itself. We have then an equation for a particle which interacts only with external fields. This new equation may be expected to involve, in addition to the ground state, excited states in which the particle appears with higher mass and spin values. In the meson theory such excited levels have been calculated by means of the strong coupling approxima tion. I t is inevitable th a t the new equation will be more complicated than the original and so, if it can be expressed as a linear wave equation, must correspond to something other than the simple equations of spin 0, 1. Now Dirac in his classical theory' of electrons carries through such an elimination so th a t it is not surprising th at his equations should show this apparent interconnexion between past and future which, as we have seen, is typical of all the more general relativistic wave equations.
Finally I should like to thank Professor Rosenfeld for his interest in this work. 
